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EXECUTIVE SUMMARY

The Problem The National Ocean Service's (NOS's) hydrographic survey data are processed to
give water depth at the point of the measurement. To produce a depth relative to Mean Lower Low
Water (MLLW), which is the chart datum, the measured depth must be corrected to account for the
departure of the instantaneous water level from MLLW. This departure is due to the astronomic tide,
river flow, water density effects, and meteorological influences. At present, discrete tide zoning is
used to provide this correction. Discrete tide zoning rests on the simplifying assumption that the water
level in an entire zone has a fixed magnitude and phase relationship to the measured water level at a
single nearby gauge. However, this method has several drawbacks. It is inaccurate because it cannot
account for changes in the type of tide (e.g., diurnal, semidiurnal, or mixed) between stations and it
assumes that non-tidal components vary in space and time the same way that tidal components do. It
produces a discontinuity when crossing from one zone to the next. Finally, it cannot be used to
reference survey data to the GPS ellipsoid

A New Method of Solution A new method of making this correction takes values at the tide gauges
and spatially interpolates them throughout the survey region. The values at the gauges which are
spatially interpolated are:

o each tidal constituent's amplitude and phase value,
o the residual, or non-tidal, water level,
o the offset, which is the difference between local Mean Sea Irvel (MSL)

and MIIW, and
o a tidal datum (either MSL or MLLIV) relative to the ellipsoid.

The correction for the time and location of the ship is computed by summing the astronomic tide
(computed from the interpolated constituents), the interpolated residual, and the interpolated offset.
In addition, for a GPS-supported survey, the ellipsoidally-referenced MLLTV values can be spatially
interpolated and used to determine MLLW depth. The spatial interpolation at the core of this method
is carried out by the use of a set of weighting functions that quantify the local contribution from each
of the shore gduges. The weighting funCtionsare generated numerically by solving I-aplace's Equation
on a grid. The new method is called Tidal Constituent And Residual Interpolation (TCARI).

Accuracy of the New Method The TCARI method was tested for accuracy using post-processed
kinematic GPS measurements of water level collected by NOS in Galveston Bay, Texas, and San
Francisco Bay, California. The measurements themselves had an accuracy estimated to be from 7 (San
Francisco Bay) to 9 cm (Galveston Bay). The results (Table) indicate that TCARI was more accurate
than either the numerical model or tide zoning. Although TCARI had lower elrors than tide zoning,
both methods had errors approximately equal to those in the measurements. It is therefore difficult to
detennine whether the difference between TCARI and tide zoning is significant.

x1



Table. RMS differences betweenpredicted water levels (using three methods) and GPS-measured
water level in Galveston Bav andSan Francisco B

Conclusions The following conclusions about TCARI's application can be made:

o TCARI is more objective and somewhat more accurate than tide zoning when compared to
post-processed kinematic GPS water level data.

TCARI is a data-intensive method. Because of this, results should be better in coastal areas
that have many historical locations where tidal constituents, tidal datum offsets, and
ellipsoidally-referenced tidal datums are known. TCARI generally gives better results with
6-minute observational water levels, rather than hourly, because the non-tidal variation is
more accurately represented.

TCARI can improve tide zoning and tide prediction. TCARI can be adapted to predict the co-
range and co-phase lines that are used to establish the tide zones. TCARI also offers a new
method of hindcasting tidal variations in coastal areas

TCARI can be used to develop ellipsoidally-referenced MLLW fields. Thus TCARI is
positioned for use for future NOS surveys, although it needs many stations where
ellipsoidally-referenced tidal datums are known.

o TCARI and numerical model fields can be combined to give improved products. Model
effors in estimating the ellipsoidally-referenced water levels may be reduced by using the
TCARI spatial interpolation scheme to produce the model datum field. Also, constituent fields
could be improved by correcting the model-generated constituent distributions with TCARI's
spatially-interpolated error fi elds.

o

o

fanclsco

Prediction Method Galveston Bay San Francisco Bay

Numerical Modeling 15 cm not available

Tide Zoning 9.4 cm 9.8 cm

TCARI 7.5 cm 8.8 cm

xll



1.INTRODUCTION

Bathymetric survey data collected by ships are estimates of total water depth at the points where the
measurements are obtained. Survey depths must be corrected for several effects, one of which is the
departure of the instantaneous water level from mean lower low water (MLLW). MLLW is the datum
for NOS charts (Figure 1.1). This departure, which is subtracted from the measured depth, is called
the 'tide correction' and is due to both the astronomical tide and the non-tidal effects such as wind
setup and river runoff. Today, discrete tide zoning is the method NOS uses to provide this correction.
Discrete tide zoning rests on the assumption that the water level in a zone has a fixed magnitude a1d
phase relationship to the measured water level at a nearby gauge. However, this method has kno*n
inaccuracies and it produces a discontinuity when crossing from one zone to the next. The objective
of the present study is to develop a new method of estimating the tide correction which is not linked
to discrete tide zones and which relies on separating the astronomical tide from the non-tidal
component.

In discrete tide zoning(Gill, 1 998),
a number of geographic zones are
constructed, each covering a
portion of the coastal area being
surveyed. The tide correction
within any zone is computed by
multiplying the amplitude of the
water level above MLLW
measured at a nearby gauge by a
ftilnge factor and by applyng a time
difference. Within each zone, the
range factor and time difference
are considered to be constant.
However, since range ratios and
time differences are applied to the
total observed water level
variation (relative to MLLW), this
results in a correction which can
be inaccurate because it cannot
account for changes in the type of
tide (e.g., diurnal, semidiurnal, or
mixed) between stations and it
assumes that non-tidal components
vary in space and time the same
way that tidal components do.

The new approach described here
is to (1) create an estimate of the
local astronomical tide by spatially
interpolating the ti dal constituents,
which have been determined from
the harmonic analysis of a time
series of prior observations at each

Figure 1.L. Schematic showing the depth sounding , Dsi
the correction, h*;thetide zonedcorrection, ht*; the sea
surface elevation relative to the ellipsoid , Dcrsithe offset
between MSL and MLLW, Ho; the MSL elevation
relative to the ellipsoid, Hei the depth at MLLW, Drow'
the MLL\M surface relative to the ellipsoid, Hri and the
bottom elevation relative to the ellipsoid, Hu.

GPS Ellipsoid



station, to the required location and then reconstructing the astronomical tide by summing the
constituents, and (2) create an estimate of the non-tidal component by spatially interpolating the
residual waterlevel (observed total water level minus the reconstructed tide). These two components
wouldbe summed to give the final, more accurate correction to thebathymetric data. The new method
is called Tidal Constituent and Residual Interpolation (TCARI), and is discussed in Section 2.

The approach to spatial interpolation of data required additional research. The method selected for
spatial interpolation of the tidal harmonic constituents is obtained by assuming that spatial variation
of the amplitude and phase of all tidal constituents obeys l-aplace's Equation (LE), the solution of
which is found numerically. The method was tested for a rectangular basin (Section 3).

Data from Galveston Bay (Section 4) and San Francisco Bay (Section 5) were used to evaluate the
approach. Another spatial distribution of tidal constituents has been generated from the Galveston Bay
numerical circulation model, and these were compared to the interpolated constituents. The new
estimate of the tide correction will be compared to that generated by the NOS Galveston Bay
hydrodynamic model (Section 4 and Appendix C),

TCARI could be used in post-survey data processing and potentially for ship-board data processing.
Several programs have been written in Fortran to generate the necessary files and data (Section 6).
The use of bathymetric data combined with GPS-measured water level (relative to the ellipsoid) is
a technology that is quickly becoming practical. TCARI can easily be used to, for example, estimate
the distribution of MLLW (relative to the ellipsoid) throughout the survey area, provided some data
are available (Section 7). Discrete tide zoning does not have this capability.

This project supports the Promote Safe Navigation element of the NOAA strategic plan byimproving
the accuracy of NOAA's nautical charts and reducing processing time. More accurate information on
local tides and nontidal water levels will result in more accurate bathymetric data (relative to MLLW)
for NOS's nautical charts, and hence more accurate under-keel depth information for shipping and
accident avoidance.



2. TTDAL CONSTTTUENT AND RESTDUAL TNTERPOLATTON (TCARI)

2.1. Tide Corrections

As discussed previously, the depth at MLLW, which is the NOS chart datum, is computed from the
survey depth sounding, D, (which has been corrected for variations in ship motion, water density, etc.)
by subtracting the tide correction, ft* (in practice, the correction is defined as the negative of ft* so
it can be simply added to the sounding value):

D ru* -Ds -h* . (2.r)

The correction qonsists of three quantities: the astronomical tide, ry^;the residual (non-tidal) effect
(such as wind setup), r7o; andthe difference between the mean sea level (MSL) and mean lower low
water, I{o. Thus

h * =  Q e , * Q n + H o (2.2)

At present, h* is computed by the method of tide zoning. In this paper, the new method called Tidal
Constituent And Residual Interpolation (TCARI) is discussed. TCARI is a way of using both the
observed water level values at gauges located in the survey area and historical data (the constituents)
at the same gauges. Application of the method requires knowledge of astronomical tide prediction,
harmonic analysis, and spatial interpolation. Before these topics are covered, discrete tide zoning is
briefly summarized.

2.z.Tide Zoning

Discrete tide zoning was developed as a way of estimating water levels at any location in a survey
area (Gill, 1998). A desktop computer-based method of drawing the zones was developed by Collier
et al. (I999).In discrete tide zoning, a number of geographic zones are constructed, each covering
a portion of the coastal areabeing surveyed. The tide correction within any zone,hr*, at time f is
calculated by multiplying the amplitude of the water level above MLLW at a nearby gauge, e* by the
range factor for that zone, r, and by applying the time difference for that zone, r, as follows:

h)@ =' rrys? - r)

Within each zone,the range factor and time difference are considered to be constant.

The tide zoning scheme for Galveston Bay is shown in Figure 2.I.The configuration of each zone is
determinedbyoceanographers in NOS's CenterforOperational Oceanographic Products and Services
(CO-OPS) by estimating the variations of the tide between two or more NOS water level stations and
drawing the zone so that the change in the amplitude of the tide correction between adjacent zones is
limited to 0.2 feet and the time change is limited to 0.3 hour. Range and time changes between stations
are therefore assumed to be approximately linear. For each zone, CO-OPS estimates a range factor

(2.3)



Figure Z.l.The tide zones in Galveston Bay. Within each zone (shown as a polygon), the tide
correction has a fixed ratio and time difference relative to the tide measured at one or more water
level gauges.

and a time difference for high water and low water in the zone relative to the same variables in one
or more reference water level gauges. For preliminary tide zoning, an initial zone configuration is
developed and range factors and time differences are generated for (typically) a single, long-term
water level station. For final tide zoning, alterations in the polygons may be made and ratios and time
differences are generated for (typically) several more stations.

For the automated processing of bathymetric data by NOS's Hydrographic Surveys Division (HSD),
the high water and low water ratios are combined into a single value, as are the high water and low



water time differences. The tide correction is obtained by applying the amplitude ratio and time
difference to the observed (and smoothed) tide from one or more nearby tide stations to get a local
(i.e., ship location) tide.

2.3. Astronomic Tides and Tidal Constituents

The conceptuali zationof the tide in terms of a set of constituents is fundamental to TCARI. NOS uses
the following equation (Schureman, 1958) to predict the astronomic tide, q, relative to mean lower
low water (MLLW) at any location and time r:

N

r l ! ) = H o + )  f n a o c o s [ c r ) n t + ( V o + u ) , - G n i  Q . 4 )
n = l

The tide , Q, isthe sum of a constant offset value (the difference between MSL and MLLW ), Ho, and
a cosine series of Ntidal constituents. For each constituent,J, is the lunar node factor , anisthe angular
speed, and Vo+u is the equilibrium argument; these are determined from knowledge of the
astronomical motions of the earth-moon-sun system and they apply to all locations. The constituent
amplitude, ao, and Greenwich epoch, G,,, (for predictions in Greenwich, or universal, time) are
determined from the analysis of a time series of observations, and apply at asingle location. Time is
reckoned from the start of the year.

Predictions made using local time require the local epoch. The local epoch, rc'n,canbe found from the
Greenwich epoch at any time zone longitude, S, by

r', = Gn * S a/( 15 degreeslhour) (2.s)

where west longitude is negative [note: the above conventions differ from that of Schureman (1958)].
For Galveston Bay, the time zone longitude, S, is -9Odegrees, so Sl 15 = -6 hr; for San Francisco Bay,
S is -120 degrees, so S//5 = -8 hr.

2.4. Spatial Interpolation

The new approach described here depends on a method of spatial interpolation. The common
approach (widely used in meteorology) is to create'a two-dimensional field from a limited number
of observations by the use of a distance-dependent weighting function, w. For example,

M

F(x,)) = \w(d)Ff (2.6)
m=l

where d*(x, y) is the straight line distance between the location of the observation, F *, andthe point
(at x, 1l) in the field. w decreases as d increases.



The weighting fUnction approach will produce highly inaccurate results when applied to tidal data
because it does not account for the influence of land. An example of the problem is shown in Figure
2.Z.TheGreenwich phase forthe M, constituent at High Island in the Gulf of Mexico isT7L.4degrees,
while at the nearby Rollover Pass the value is 17.8 degrees and at Smith Point it is 8.6 degrees. The
latter two stations are in Galveston Bay. Clearly, any approach that does not account for the existence
of the intervening land (in this case the Bolivar Peninsula) or uses the straight line distance between
stations will produce inaccuracies.

Therefore, to overcome these difficulties, the approach taken here is to create a set of weighting
functions that are the solution of a differential equation that includes spatial derivatives. The equation
is solved numerically on a grid. The use of a spatial derivative means that the value at any grid point
is directly related to the value at the adjacent grid points. The ultimate effect is to create pathways
around land features. The result is a set of new weighting functions, g(x, y, m)thatcan be used in place
of the function w inEqn. 2.6.The computation of the new weighting functions is covered in Section
3.

Figure 2.2.The influence of land on M, phases for three nearby gauge locations. Although the
High Island gauge is located near the Rollover Pass and Smith Point gauges, its phase is quite
different. The difference is due to the intervening land (the Bolivar Peninsula) and the land's affect
on tide wave propagation.



2.5. TCARI

As explained earlier, the correctio nh*at any location can be expressed as the sum of the astronomical
tide (r7), a residual water level component (r7), and the MSL to MIIW difference (F/o) as

h* = Ue+ Tn + Ho Q.2)

For each constituent of the astronomical tide, TCARI creates an interpolated amplitude, A, and epoch,
K, which are calculated with the numerically-generated weighting functiotrs, g., as follows:

M,

A,(x , ) )  =  
I ,  g "  (x ,y , f f i )e* ,n
nrl

(2.7a,b)

M,

K n(x, l) = 
2 S,Q, l, r/t)K,,,,
m = l

where g"(x, y, m)is the weighting function for tidal constituents at location (a y) for the tide gauge
location m, and r is either the Greenwich or the local epoch. There are M, locations where tidal
constituent data are available. Hence, using the prediction equation2.4,

N

Ue
n = l

The offset (the difference between MSL and MLLW) is also interpolated by
Mo

s(x, ])  = 
2 s "(* ,  ! , f t i )H o,^ Q9)

where go is the weighting function for offsets for the Mo gauges where the offset, Ho,*, is known.

Now suppose that there are M,contemporary water level gauges in the survey area. These stations are
not necessarily the same as the first set of M., but their constituents must be known. Then the residual
component (relative to MSL) at any location is

M , N

rln
m=l  n= l

where e^isthe observed water level (relative to MSL) at gauge m andg, is the weighting function
for the set of M, gauges.



In order to make comparisons with the post-processed RTK water level measurements in Galveston
and San Francisco Bay, an independent estimate of the water surface elevation at any time and location
relative to the ellipsoid, D'Grs, is needed. This can be computed by the TCARI method as follows

D L r r = T l e * 4 n * H u

where F/" is the ellipsoidally-referenced tidal datum (MSL)

H u(* ,  ! )  =2 S"(x ,  y , f t i )H r ,^
m=l

(2.rr)

(2.r2)

Also, TCARI can readily be adapted for survey bathymetric data referenced to the GPS ellipsoid. Irt
the elevation of the bottom of the water column relative to the GPS ellipsoid be Hr(being comprised
of the ellipsoidal distance to the GPS antenna, the antenna-to-sounder distance, and the sounding
measurement itself. See Figure 1.1). Then

D r r r * = D r - H L

where f/. is the spatially-interpolated value of MLLW relative to the ellipsoid,

(2.r3)

H r (* ,  Y)  = = H r - H o (2.r4)

In sum, TCARI generates either a tide correction or an ellipsoidally-referenced water level by the
addition of three components: a astronomical tide which is generated from spatially-interpolated tidal
phases and amplitudes, a spatially-interpolated residual (non-tidal) water level, and either the offset
(difference between MSL and MLLW) or the ellipsoidally-referenced MSL datum. The generation of
the weighting functions is covered in the next Section. Four sets of variables (see Section 2.6) are
required at locations in or near the survey area; because tide stations often lack one or more of the
four, a separate set of weighting functions is needed for each vmiable set.

2.6. TCARI Data Requirements

For tide corrections, three sets of variables (tidal constituents, residual water levels, and offsets) are
required at locations in or near the survey area.For an ellipsoidally-referenced survey, one additional
variable (an ellipsoidally-referenced datum) is needed. Historical tidal constituent data (amplitude
and phase) and the offset (the difference between MSL and MLLW) are often available a numerous
locations. The residual water level at a location requires both tidal constituents and contemporary
observations at the tide gau ge at the time of the survey.

Generally speaking, results should improve with the addition of more locations. Since the
contemporary measurements are needed for only the residual water level, forehand knowledge of the

M"

2, s"(x, y,ffi)H r,,,
m=l



spatial patterns of residual water level variability may allow for design of a minimal configuration
of gauges. In this study, data collected originally for the purpose of tide zoning was used to assess
TCARI; no special data (with the possible exception of the an ellipsoidally-referenced datums) was
used. There was also no attempt to determine optimal configurations of water level station locations
or lengths of time series that would improve TCARI's accuracy.

2.7. Other Methods of Providing Corrections

Beside discrete tide zoning, there are other methods designed to provide tide correction information.
However, these methods have significant drawbacks. One such method is function fitting, which is
widely used in meteorology.This method uses an analytical function in two-dimensional space which
fits the observations (e.g., Barnes, 1964). This method is not suitable for interpolating tidal data
because it cannot account for the large differences in tidal characteristics across land features such
as peninsulas.

A second method is numerical circulation modeling (Stawarz and Metzner, 1994; Schm alz,I996),in
which a model is used to determine both the instantaneous water level with respect to MSL and, with
a sufficiently long time series, the difference between MSL and MLLW. Although the application of
hydrodynamic models is potentially the most accurate approach to determining tidal constituents
because these models simulate the dynamics of time-dependent, shallow-water tidal wave motion, in
practice numerical circulation models typically require a long time (months to years) to develop to
a state where they meet the required accuracies (for examples of accuracy requirements, see National
Ocean Service, L999). In contrast, TCARI was developed so that existing gauge and historical data
can be utilized rapidly (on the order of months). In addition, although numerical models are usually
calibrated using gauge data, they may not perfectly match the data at the gauges. TCARI, however, uses
the gauge data so as to exactly match values where they are available (although this inevitably raises
questions about data quality and the spatial density of gauges).

A third method is to generate a tidal datum surface by first selecting a field that has already been
referenced to the ellipsoid (the geoid, for example) and then generating a new surface by minimi zing
the error at the stations with known values (Muller and Groten,1992). However, the MSL is known
to depart significantly from the geoid because of the effects of currents.
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3. INTERPOLATION BY SOLUTION OF LAPLACE'S EQUATION

3.1. Laplace's Equation

The method chosen for spatial interpolation is to describe the variable (offset, amplitude or phase)
as a two-dimension field, select a field equation that describes the spatial distribution, then compute
the numerical solution of that equation. First we let the arbitrary variable G(x, y) represent the offset,
amplitude, or phase (or any other property). We then assume that the variable obeys the two-
dimensional Laplace' s Equation (LE)

azc a2G
E +  * = u

and that G matches the observed value at the locations where data are available,

(3.1)

G(x^,!^)  -  G3 (3.2)

The LE was chosen because, in one dimension, it gives a solution that has a constant slope between
data points. In two dimensions, the solution between three data points can be a flat plane. A planar
solution is desirable because it is the simplest way to interpolate between data points, even though
it does not incorporate any tidal physics. Another attractive feature of a numerical I,E solution is that
information on tidal constituents in one grid point will be related to the values in adjacent grid points,
and will thus be able to propagate information around corners. Finally, note that this is the equation
in mathematical physics that describes the temperature distribution in an insulated plate of constant
thickness and constant heat conduction coefficients.

The LE approach will produce an objectively interpolated field for amplitude and phase, although
without including any tidal physics such as wave speed, friction, or depth variation. Since amplitude
and phase are computed independently, natural distributions such as amphidromes will not be
accurately reproduced. A potentially more accurate approach, which is based on the solution of
lineartzed, single-constituent tide wave equation in a constant-depth basin, solves for amplitude and
phase together. A short discussion appears in Appendix A.

Straightforward application of Eqn. 3.1 to a typical geographic area would result in a very large
number of fields. In addition to the field for the offset, there would be7 4 fields, because for the NOS
standard suite of 37 tidal constituents, two fields (i.e., an amplitude field and a phase field) are needed
for each constituent. And for the residual water level, a new field would have to be generated for each
time a new observation were available; i.e., every 6 minutes. Therefore, to save computer time and
memory, the approach was extended by defining a set of weighting functioils, B, such that

M

I
tn=l

g(x,y,d GIG(x, 1l) =

1 1

(3.3)



where M is the number of locations where observations, Go , are available. The field g then obeys
Laplace's equation

d'g , o'g n
wt  a f - v  Q-4 )

and has a value of either zeroor unity at the locations where observed values are available,

g(x , ,y i ,m)= 6 ,^ (3.s)

(3.6)

(3.7)

That is, for the selected station ffi, g is unity there but is zero at all the other stations, f. This approach
is faster and simpler than solving Eqn.3.1 because it requires that only one solution field be
calculated for each water level station for which there are data. After that, the G field is constructed
from Eqn. 3.3 using whatever data is desired. In addition, whenever updated values of the
observations become available, there is no need to recompute the g functions.

3.2. Boundary Conditions

Boundary conditions fer G and g ffieneeded at water level stations, ocean boundaries, and land
boundaries. As discussed above,"at station locations where observed values are available, the
boundary condition are Eqns. 3.2 and3.5. The ocean boundary condition is that g has azero slope in
the normal direction,

*=o
dE

where ( is the direction normal to the boundary. The boundary condition for G is obtained by
substitutrngG forg in Eqn. 3.6. At landboundaries, the zero slope condition @qn. 3.6) is an obvious
possibility. However, this condition (which is analogous to a thermally-insulated boundary in the heat
flux case) proved to cause the local izedpacking of contours around the data points, especially near
corners, which is not realistic in manycases. Therefore,asecondboundarycondition was developed.
This condition is based on the concept that the variation of g near the shore is determined by the
variation in the water level a small distance away from the shore. This is implemented by setting the
boundary slope to be proportional to the mean interior slope, i.e.,

ag _ odr
og dE

where the overbar represents the spatial average (over the few surrounding cells) of the derivative
and the proportionality constant is restricted by

0 < a < l

L2

(3.8)



This approach allows the zero normal condition to be implemented by simply setting a=O and the

full proportionality condition by setting d= t.

3.3. Natural Distributions of Corange and Cophase Lines

The actual spatial distribution of constant amplitude (corange) andconstantphase (cophase) lines will

be needed to evaluate the parameter a.In Chesapeake Bay (Browne and Fischer, 1988), cophase lines
tended to be normal to the boundary, but if the shore tends to be shallow, then cophase lines curve to
give a near-shore phase lag. Corange lines (i.e., lines of constant amplitude) did not show a simple
pattern, but were oriented both normal and parallel to the shore. Data on both observed and
numerically-simulated tides in Tampa Bay (kwas,1993) show again that cophase lines tended to be
normal to the shore, but corange lines were oriented both normal and parallel to the shore.

Defant (1961) presents a summary of information on the distributions of corange and cophase lines
for the North Sea, the Baltic, the English Channel, the kish Sea, the Adriatic, the Black Sea, the
Persian Gulf, the Indonesian Archipelago, the Eastern China Sea, the Sea of Japan, the Okhotsk Sea,
the Gulf of Mexico, the Gulf of St. Lawrence, the North Siberian Shelf. Cophase lines tend to intersect
the land at near-normal angles when (1) they are radiating around amphidromic systems and (2) in
long, n:urow embayments. Corange lines, which intersect and are roughly normal to cophase lines,
show evidence of being oriented both normally and parallel to the shore.

Thus it appears that no single value of a will correctly describe all natural distributions.
Experimentation will therefore be necessary to settle on a useful value.

3.4. Solution by Finite Differences

The solution to the LE is approximated by the numerical equivalent. For cells equally spaced in each
direction, the finite difference form of Eqn. 3.4 at location i, j and iteration k is

Solving for g!,, gives an estimate that solves the equation

8!+t , i  *  S!-r , i  *  8! , i * ,*  8! , i - , -48! , , :o

li,i = i (S!rr,i * 8!-ti + 8!,y, + g!,i-r)

(3.e)

(3.10)

where g* is an intermediate solution. Using the method of successive over-relaxation (SOR) (Press
et al., 1992), the next estimate (i.e., at iteration k+/) is obtained by

g!,:' - ot7i,i + (1 - aDd.i (3.11)

where L < ax 2. The array g is iterated until the following convergence criterion was met:

13



*u*lsfi' - s!,,1s e(max (G:) - min( Gb) (3.12)

Good results were obtained for t = 5 x 10-s. The final values of the numerical solution, and in fact
convergence itsell was highly sensitive to the exact form of the boundary conditions. Therefore,
considerable time was spent in testing different forms.

3.5. Grid Generation

The numerical solution to the I-aplace's Equation can only be determined by solving the equations on
a grid composed of square cells representing either land or water. The gfid is generated from (a) the
window in latitudeJongitude space, (b) the cell width, (c) the coastline (defined as a set of latitude-
longitude pairs), and (d) the location of one water point. No bathymetric data are required.

The process is as follows. First, a geographic window is selected. It is specified by the longitude
limits (lonmac, lonmin) and the latitude limits (latmax, andlatmin). Then, given a cell width, wcell
(in nautical miles), a grid of undifferentiated cells is generated by dividing the width into Imac
intervals and height into Jmax intervals, where

Imatc = Co 
=(lonmatc - lonmin)' wcell

Jmax - co

*rri(latmar 
- latmin)

(3.  13)

where Coand Co convert degrees to nmi. wcell should be considered a nominal value. Since Imatc and
Jmasc are integer values, the division of either the width by Imasc or the height by Jmax will result in
actual cell widths that are slightly larger or smaller than wcell.This distortion is small (less than I7o)
when Imax and Jmax are large and is ignored in the numerical solution.

Next, the land-water boundary in this grid is determined by checking all cells that (a) contain at least
one point in the coastline data file, or (b) are intersected by a line drawn between points defining the
coastline. Finally, starting from the known water point, all cells adjacent to it which are not tagged
as the land-waterboundary are also set to represent water. The remaining cells are therefore land. The' land-water boundary cells are set to either land or water.

In general, the generation of grids for complex coastlines requires serious consideration. First, the
window must be selected so it covers the entire area of the bay to be zoned. If there is coastal ocean
within the window(which is the usual case), the method requires that the coastline file contain data
polnts outside the window; if not, the process of filling land points will run around the end of the
coastline and all cells will be turned into water. Cells, which are square, should be small enough so
that important features such as entrances and straits will have at least two or three cells across them,
although the computation is faster with larger cells.
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3.6. Rectangular Basin Test Case

For the test cases, the water area is a simple six-sided region with parallel sides. The six corners are
specified by latitude-longitude pairs. For a window bounded by latitudes 28o 54'and 29o 50'and by
longitudes -95o 20' and -94o 5'and wcell = 0.5 nmi, the resulting grids (one oriented so that its sides
are parallel to the borders of the window, and another rotated 45 degrees clockwise) are shown in
Figures 3.La and 3.lb.

Figure 3.La. Grid for rectangular test
region. Cells are 0.5 nmi on a side.

Figure 3.Lb. Grid for the rectangular
test region, but rotated 45 degrees.

A set of test cases was developed to implement and refine the numerical scheme. The basin has
straight sides and occupies a region approximately the size of Galveston Bay. A gnd (Figure 3.la)
was then generated which had square cells measuring 0.5 nautical mile on a side. The resulting grid
array had dimensions 87 by 100, and approximately 367o represented water. The maximum width and
height of the basin was 59 cells. The test cases consist of finding the solution with four different
boundary conditions. For each test cast, the boundary values consisted of setti ngG" = 100 in the lower
left corner and G" - 0 on the right side about two-thirds the way up.

For the first test cast, the boundary condition is zero gradient in the normal and tangential directions.

The solution for this case (a = 0) is shown in Figure 3.2a. The solution was achieved after 698

iterations using t= L.25 x 10-5. Although contour lines intersect the side as required, contours are
packed around the two locations where the input values are given (Points A and B in the figure). This
undesirable packing results naturally from the solution of the LE andthis specific boundarycondition,
which are analogous to a temperature distribution with thermally-insulated boundaries, and is
characteristic of a saddle point.
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Figure 3.2. Solution for G in an idealized basin, solving Laplace's Equation with boundary values
Go = 100 at point A and Qo = 0 at point B for two values of a.
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At the opposite extreme, using the full extrapolation (a = 1) produces a different set of contours
(Figure 3.2b). This solution required l4L9 iterations to complete and results from the condition that
the gradient of G in each spatial direction is a constant. This solution is mush less affected by
boundary influence than the previous solution. The lines are approximately straight in the lower left
corner (Foints A), and have nearly uniform spacing; this solution approximates the idealizedsolution
of a flat plane.

A severe test of the numerical solution is to see whether the same solution results when the basin is
rotated by 4ldegrees. The solution for d=0 (Figure 3.2c) and q= 1 (Figure 3.2d) show that the
unrotated solution is reproduced to within about 5, which is 5Vo of the full scale. Maximum
displacement of the contours was about 10 cells (5 km) and occurred near the center of the basin.
Since this level of error is relatively small,, the numerical scheme is judged to be acceptable. The
number of iterations required were 717 and 651 for a= 0 and 1, respectively.

In each basin, the contours for a= 1 are slightly curved. The curvature can be reduced by taking a
smaller value for gor a smaller grid size, although convergence requires a larger number of iterations.
Also, the above distributions were createdby solving Eqn. 3.1 for G(x, y) with the boundary input
values 0=100 at point A and O=0 at point B. An equivalent distribution can be generated by solving
the Eqn. 3.4 for g@, y), then solving Eqn. 3.3 for G(x,y). Comparison of the two solutions shows
differences of less than IVo of full scale

Neither of the distributions shown in Figure 3 .2 is entirely realistic as compared to cotide or cophase
lines. An intermediate solution, one which has contours approaching normal intersection with the coast
but without the packing of contours around the input boundary locations, can be generated by setting
ato an intermediate value. The solution for a=0.9 is shown in Figure 3.3.

A final point to consider about the test boundary values (G" = 100, Go - 0) is that, if G" represents
phase angle in degrees, then Go = 0 is equivalent to G'= 360. The solution for this case would be
significantly different. One approach is to spatially interpolate the sine and cosine values separately,
then add them together. In this case the field G is generated by

G(x, y) =
K

I t(", y,k)cos(Gf )
k = l

(3.14)

For Go = 100 degrees at point A and Qo = 0 degrees at point B, the result is shown in Figure 3.4. The
field generated this wayhas slightly more uniform spacing of contours, andthe maximum difference
is approximately 5 degrees.

K

I g(", y,k)sin(Gf )
k= l-" '[
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Figure 3.3. Contours created by spatial
interpolation of values Go = 100 at point A
and Go = 10 at point B (a= 0.9).
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Figure 3.4. Contours created by spatial
interpolation of the sine and cosine of values
Qo = 100 at point A and Go = 10 at point B
(a= 0.9).

The difference between the two solutions was studied by setting up an analytical case. The angle
varied between 0 degrees at one end and a different value (from 20 degrees to 110 degrees) at the
other. Two solutions were determined, one by linear interpolation of the angle, the ottr"r by linear
interpolation of the sine and cosine of the angle and'a reconstruction by the arctangent. The table
below shows the maximum difference (in degrees) between the solutions as a function of the
difference between the end values. The difference in solutions is less than 1 degree when the
difference between end values is less than about 58 degrees. ,

Table 3.1. For an angle varying from Odegrees at one end to a range of values at the
other end, the maximum difference (degrees) between the solutions obtained by (1)' linear interpolation between the end angles and (2) linear interpolation between the
ine and cosine of the endslne ano coslne ot tne end angles, then reconstruction of the an le ,he arctan

End Angle 1 1 0 100 90 80 70 60 50 40 30 20

Difference in
Solution Angles

7.8 5.5 4.0 2.7 1 .8 1 . 1 0.6 0.3 0.1 0.04

18


